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Peculiarities of qubit initial-state preparation by nonselective measurements on an
overcomplete basis
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(Dated: August 13, 2018)
We consider the qubit initial state preparation due to the nonselective measurements on an over-
complete basis, when the number of outcomes N = 3. To be specific, we have chosen the dephas-
ing model and applied the conditions for a post-measurement state to ensure a gradual coherence
enhancement at the initial stage of the system evolution. It is shown that contrary to the von
Neumann-Lu¨ders projection scheme with N = 2, the most mixed post-measurement state of the
qubit in the general case can depend on the bath temperature. This remarkable feature allows one
to consider a “temperature controlled” initial purification of the open quantum system. We also
consider some kinds of the repeated nonselective measurements from the viewpoint of an eventual
system purification and analyze the important peculiarities of such schemes.
PACS numbers: 03.65.Ta, 03.65.Yz, 03.67.Pp
I. INTRODUCTION
The initial state preparation is an essential point in the
dynamics of quantum open systems . Due to unavoidable
interactions, there generally exist initial correlations be-
tween the system and its environment. Since any physical
process of preparation of the initial state of the system
will affect the state of the environment, a natural ques-
tion appears: how the preparation procedure and initial
correlations act upon subsequent evolution of the sys-
tem. Of special interest is the decoherence phenomenon
(the environmentally induced destruction of quantum co-
herence), which plays a crucial role in the dynamics of
two-state systems (qubits), which are widely recognized
as the elementary carriers of quantum information [1, 2].
Different aspects of influence of the initial state prepara-
tion on the system dynamics were discussed by many au-
thors (see, e.g., Refs. [3–5] and references therein). Usu-
ally [6–8], the initial correlations lead to the onset of the
additional dissipation channel, since the system evolves
from the post-measurement state, which differs from the
equilibrium (Gibbsian) one. Nevertheless, the opposite
picture can be observed too [9], and there is a coherence
enhancement in the system “qubit–thermal bath”, pre-
pared initially by the nonselective measurement [10, 11]
or even by some more specific preparation procedure [5].
The above mentioned findings can be helpful from the
viewpoint of quantum measurements and control [12],
since the time evolution of the qubit (or the chains of
qubits) strongly depends on the initial state of the sys-
tem. Though the thermal and vacuum fluctuations of
the environment are widely believed [10, 13] to eliminate
the influence of the initial correlations in the system, it
cannot be the case if a residence time of the quantum reg-
ister before its switching is less (or comparable) with the
dephasing time [7, 9]. In this context, the most desirable
case is if the system can even be purified dynamically
[5, 9] by interaction with the environment to protect an
eventual loss of information stored in it.
On the other hand, it is interesting to investigate the
initial system preparation not only from the viewpoint
of the subsequent qubit dynamics. Though these prob-
lems were studied usually from pure mathematical points
of view [14, 15], novel trends and achievements in the
quantum measurements and control [12, 16, 17] dictate
new challenges for physicists concerning special post-
measurement system preparation. In particular, some
questions that could be imposed, sound as follows: i)
what factors influence the system purity (or mixedness);
ii) what “risks” should be avoided when manipulating the
open quantum system at the initial stage of its prepa-
ration; iii) how to separate the factors contributing to
the system purification from those leading to undesirable
mixedness.
In this paper, we make an attempt to give some partic-
ular answers to these questions. To be specific, we choose
the spin–boson system described by the dephasing model
[7, 9, 18]. We consider a special kind of the nonselective
measurements [10], where the number N of outcomes is
larger than the rank n of the initial density matrix (for
the qubits n = 2). Unlike the well-known von Neumann-
Lu¨ders projection measurements studied earlier [9], this
more general scheme is associated with the notion of the
positive operator-valued measure (POVM) [14, 15]. In
this scheme, the basis of measurement state turns out to
be overcomplete, and the measurement state vectors can
no longer be orthonormal. In fact, we deal with a non-
orthogonal resolution of the identity [19] with all specific
features as compared to the orthogonal one.
To restrict ourselves by a particular choice, we impose
the post-measurement conditions considered in Ref. [9],
which ensure a gradual coherence enhancement at the
initial stage of the system evolution. Of a particular in-
terest is the system purity and its response to the change
of both internal (e.g., temperature fluctuations) and ex-
ternal (measurement state vectors) factors. We show that
the most mixed state (least desirable from the viewpoint
of a quantum register design) can be sensitive to the
bath temperature that gives us a possibility to perform a
“temperature controlled” initial purification of the open
2quantum system. At some other specific choices of the
control parameters, the minimum of the system purity
is insensitive to temperature. Moreover, in some partic-
ular cases this minimum equals 1/2 that corresponds to
a completely decohered system with an equal population
of the levels. Naturally, realization of such a scenario
should be avoided when manipulating the qubit at the
moment of its preparation.
We also consider some special kinds of the repeated
nonselective measurements, which have been performed
instantly at the initial time t = 0. Our purpose is to
study at what conditions the purity can definitely grow
after the second measurement, and what measurement
settings are unfavorable from the viewpoint of the system
purification.
The structure of the paper is as follows. Sec. II con-
tains a brief review of the measurement schemes for open
quantum systems at an arbitrary number N of the out-
comes and its application to qubits. We emphasize the
distinctive features of N = 2 and N > 2 cases. In Sec. III
we present briefly the main equations governing the qubit
dynamics in the framework of the dephasing model. The
condition leading to the gradual coherence enhancement
at the initial stage of the system evolution is presented
in the explicit form. This condition is taken to be a cor-
nerstone during the study of the initial system purity in
Sec. IV, when a number of outcomes at the nonselec-
tive measurement is equal to three. We consider differ-
ent cases of the post-measurement system preparation,
at which the most mixed state of the qubit is realized.
A thorough analysis of a dependence of the about men-
tioned state on the internal and external control param-
eters is given. A response of the open quantum system
to the series of repeated nonselective measurements per-
formed instantly is studied in Sec. V. Finally, we draw
the conclusions in Sec. VI.
II. THE NONSELECTIVE PREPARATION
MEASUREMENTS AND THE INITIAL DENSITY
MATRIX
Suppose that at all times t < 0 an open system S is
in thermal equilibrium with a heat bath B, and at time
zero one makes a measurement on the system S only.
According to the general principles of quantum measure-
ment theory [10, 11, 13], the state of the composite sys-
tem (S + B) after the measurement is characterized by
the density matrix
̺SB(0) =
N∑
m=1
Ωm̺eqΩ
†
m, (1)
where ̺eq is the equilibrium density matrix at temper-
ature T . Linear operators Ωm act in the Hilbert space
H of the system S and correspond to possible outcomes
m = {1, . . . , N} of the measurement. In a particular case
of a selective measurement , the system S is prepared in
some pure state |ψ〉. Then the sum in Eq. (1) collapses
into a single term, so that
̺SB(0) =
1
Z
Pψ̺eqPψ, (2)
where Pψ = |ψ〉〈ψ| is the projector onto a pure quantum
state |ψ〉 and Z is the normalization factor. In general,
the density matrix (1) describes the resulting ensemble
after a nonselective measurement , in which the outcome
m may be viewed as a classical random number with the
probability distribution
w(m) = Tr
{
Fm̺eq
}
. (3)
Positive operators Fm = Ω
†
mΩm are called the “effects”.
Here and in what follows, Tr denotes the trace over the
Hilbert space of the composite (S+B) system, while the
symbols TrS and TrB will be used to denote the partial
traces over the Hilbert spaces of the system S and the
heat bath, respectively. For w(m) to be normalized to 1,
the effects Fm must satisfy the normalization condition
(the resolution of the identity [19])
N∑
m=1
Fm ≡
N∑
m=1
Ω†mΩm = I, (4)
where I is the unit operator.
The precise form of Ωm is determined by the details of
the measuring device [9, 10] and could be applied both
to approximate measurements, where the spectrum of the
observed variable is measured with a finite resolution [10,
11], and to the case of an infinite resolution. The effects
Fm = |ψm〉〈ψm|, (5)
and the accompanying them Ω-operators
Ωm = |ϕm〉〈ψm| (6)
are constructed on the quantum pure states – the mea-
surement state vectors |ψm〉, |ϕm〉.
A few remarks are needed here. In the case when the
number of outcomes N equals the rank n of the system
density matrix ̺S(0) (for a qubit n = 2), the states |ψm〉
form an orthonormal basis. If N > n, taking the trace
in normalization condition (4) over the system degrees of
freedom, one obtains
〈ψm|ψm〉 = n
N
. (7)
It means that in contrast to the von Neumann-Lu¨ders
scheme, the effects Fm are not projection operators, since
F 2m 6= Fm. Moreover, in such a case one deals with
the non-orthogonal measurement state vectors since the
basis |ψm〉 is overcomplete [14], and the scalar prod-
uct 〈ψm|ψn〉 is not equal to zero at m 6= n, {m,n} =
{1, . . . , N}. Thus Eq. (4) should be treated as a non-
orthogonal resolution of the identity [11, 14, 19].
3The subset of vectors |ϕm〉 can be chosen to be nor-
malized, othewise being arbitrary. In Ref. [9] we have
shown that in the von Neumann-Lu¨ders projection mea-
surements with N = 2, at some special cases, when the
Gram operator [14]
G =
N∑
m=1
ΩmΩ
†
m =
2
N
N∑
m=1
|ϕm〉〈ϕm|, (8)
has a diagonal matrix, G = diag, (including the case
G = I), the enhancement of the coherence for this spe-
cial model spin-boson system is provided at the initial
stage of its evolution. We will touch upon this interest-
ing phenomenon in more details in Sec. III.
Let us now apply the above general construction to a
qubit. In the formal “spin” representation, the canonical
orthonormal basis states of the qubit are
|0〉 =
(
0
1
)
, |1〉 =
(
1
0
)
. (9)
Two subsets of the measurement state vectors can be
presented as
|ψm〉 = a(m)0 |0〉+ a(m)1 |1〉,
|ϕm〉 = b(m)0 |0〉+ b(m)1 |1〉, (10)
where a
(m)
i and b
(m)
i (i = {0, 1}, m = {1, . . . , N}) denote
the corresponding amplitudes. Alternatively, the state
measurement vectors (10) can be presented as
|ψm〉 =
√
2
N
 e−iφ(m)a /2 cos(θ(m)a /2)
eiφ
(m)
a
/2 sin(θ(m)a /2)
 , (11)
|ϕm〉 =
 e−iφ(m)b /2 cos(θ(m)b /2)
eiφ
(m)
b
/2 sin(θ
(m)
b /2)
 , (12)
where the parameters φ
(m)
a , φ
(m)
b and θ
(m)
a , θ
(m)
b are the
Euler angles of the unit vector, describing the direction
of the “spin” on the Bloch sphere [7, 9, 14]. It is easy
to express the amplitudes a
(m)
i , b
(m)
i in Eqs. (10) via the
corresponding Euler angles according to (11)-(12).
Expression (1) for the post-measurement density ma-
trix can now be cast in a more transparent form,
̺SB(0) =
N∑
m=1
〈ψm|̺eq |ψm〉|ϕm〉〈ϕm|, (13)
From Eq. (13) the reduced density matrix ̺S(0) can be
obtained after taking the trace over bath variables,
̺S(0) =
N∑
m=1
ωm|ϕm〉〈ϕm|, ωm = TrB〈ψm|̺eq |ψm〉|.(14)
It is seen from Eq. (14) that contrary to the selective
case (see Eq. (2) for comparison), the qubit is now pre-
pared in the mixed state, where the probabilities ωm are
determined by the type of interactions in the composite
(S + B) system and depend on the parameters of the
qubit and the thermal bath as well as on the “external”
parameters (the amplitudes a
(m)
i or Euler angles φ
(m)
a ,
θ
(m)
a of the measurement state vectors |ψm〉).
A very general formula (14) will be used in Sec. IV
to calculate the post-measurement purity of the qubit,
described by the dephasing model [7, 9]. It will be shown
to lead to quite unexpected consequences as compared to
the von Neumann-Lu¨ders projection measurement.
III. THE DEPHASING MODEL: DYNAMICS OF
DECOHERENCE
Our central goal in this section is to present briefly
the basic equations governing the qubit dynamics in the
framework of the dephasing model. This quite a simple
model is known to describe the main decoherence mech-
anism for certain types of system-environment interac-
tions [7, 18, 20–22]. In this model, a two-state system
(qubit) (S) is coupled to the bath (B) of harmonic os-
cillators. Using the “spin” representation for the qubit
with the basic states (9), the total Hamiltonian in the
Schro¨dinger picture is taken to be (in our units ~ = 1)
H = HS +HB +Hint
=
ω0
2
σ3 +
∑
k
ωkb
†
kbk + σ3
∑
k
(gkb
†
k + g
∗
kbk), (15)
where ω0 is the energy difference between the ex-
cited |1〉 and the ground |0〉 states of the qubit while
σ3 =
(
1 0
0 −1
)
denotes the third of the Pauli matrices.
Bosonic creation and annihilation operators b†k and bk
correspond to the kth bath mode with the frequency ωk,
and gk are the coupling constants.
The dephasing model (15) has two distinctive features.
First, the operator σ3 commutes with the Hamiltonian
and, consequently, the average populations of the qubit
states do not depend on time. Thus we have a unique
situation where the system relaxation may be interpreted
physically as “pure” decoherence and exchange of en-
tropy [21, 22], rather than dissipation of energy. Second,
in this model equations of motions for all relevant oper-
ators can be solved exactly [7]. This allows one to study
the time evolution of the coherences for different initial
conditions. Here we leave out many details for which we
refer to Ref. [7] and simply quote some important results.
For a qubit, the quantities of principal interest are the
coherences 〈σ±(t)〉 ≡ Tr[σ±(t)̺SB(0)], where σ±(t) de-
notes the spin raising/lowering operators in the Heisen-
berg picture [7] (in what follows, the notation 〈. . .〉 will
be used for averages with the post-measurement density
matrix ̺SB(0)). It is easy to verify that the coherences
4are related directly to the off-diagonal elements of the
reduced density matrix of the qubit [7, 9].
If the initial state is prepared by a nonselective mea-
surement with the density matrix (1) of the composite
system, and taking into account that the time depen-
dence of both spin and bosonic operators in the dephas-
ing model can be evaluated exactly [7, 9, 18], we get the
following relation for the coherences:
〈σ±(t)〉 = 1
Tre−βH
N∑
m=1
Tr
[
Ω†mσ±(t)Ωme
−βH
]
= 〈σ±〉 exp[±i(ω0t+ χ(t)] exp[−γ˜(t)], (16)
where β = 1/kBT and
γ˜(t) = γ(t) + γcor(t) (17)
denotes the effective decoherence function. The first term
in (17) describes a loss of the coherence due to the vac-
uum and thermal fluctuations in the bath [7, 9]. It is a
second-order function in the coupling parameter gk, and
can be expressed via so-called spectral density function
in the continuum limit of the bath modes [7, 9]. An ap-
pearance of the second term γcor(t) in (17) as well as the
phase shift χ(t) in (16) is explained by the fact that the
density matrix of the composite system evolves in time
starting from the post-measurement value
̺SB(0) =
1
Z
N∑
m=1
|ϕm〉〈ϕm| (18)
×
{
|a(m)0 |2eβω0/2e−βH
(−)
B + |a(m)1 |2e−βω0/2e−βH
(+)
B
}
,
which is defined by the system-environment initial entan-
glement. In Eq. (18)
H
(±)
B =
∑
k
ωkb
†
kbk ±
∑
k
(gkb
†
k + g
∗
kbk), (19)
and
Z = TrS,B̺SB(0) ≡ TrS,B ̺eq = 2 cosh(βω0/2)ZB,
ZB = TrBe
−βH
(−)
B = TrBe
−βH
(+)
B (20)
denote the normalization functions. The explicit expres-
sion for ZB can be derived using Eqs. (25) of Ref. [7].
We will use quite a complicated form (18) for ̺SB(0) in
Sec. IV when evaluating the system purity.
The correlation contribution in Eq. (16) can be rewrit-
ten as
exp[±iχ(t)− γcor(t)] = cosΦ(t)± iA sinΦ(t). (21)
The time dependent function Φ(t) is also of the second
order in the coupling parameter gk; the explicit form for
Φ(t) can be found, for instance, in Refs. [7, 9]. It is
clear from Eq. (21) that the correlation contribution to
the coherence dynamics is nonlinear in |gk|2, and this
specific feature leads to quite an unexpected behavior of
〈σ±(t)〉 reported in Ref. [9]
Another function, which appears in (21), can be pre-
sented as follows:
A=
N∑
m=1
{〈0|Ω†mσ±Ωm|0〉eβω0/2−〈1|Ω†mσ±Ωm|1〉e−βω0/2}
N∑
m=1
{〈0|Ω†mσ±Ωm|0〉eβω0/2+〈1|Ω†mσ±Ωm|1〉e−βω0/2}
.
(22)
It is seen from Eq. (22) that the equality
N∑
m=1
{〈0|Ω†mσ±Ωm0|〉+ 〈1|Ω†mσ±Ωm1|〉}
= TrS
(
σ±
N∑
m=1
ΩmΩ
†
m
)
= 0 (23)
yields the value A = coth(βω0/2). The last row in
Eq. (23) means that the Gram operator (8) has to be a
diagonal one. This condition has been shown in Ref. [9]
to ensure a gradual enhancement of the coherence at
the initial time of the system evolution (indeed, the
absolute value of (21) is always greater then unity if
A = coth(βω0/2)) until the vacuum and thermal fluc-
tuations of the bath terminate the growth of 〈σ±(t)〉 and
give rise to the decoherence processes.
If condition (23) is not fulfilled, A is a complex-valued
quantity [9]. In such a case, the domains of possible co-
herence enhancement at some times can be interchanged
with the regions of the intensified decoherence at other
times depending on the values of the measurement state
vectors.
We are not going to study the time evolution of the
system, since the case N > 2 can be analyzed in a simi-
lar way as it has been done in Ref. [9] (see Eqs. (47)-(49)
of the quoted paper), and brings nothing essentially new
to our knowledge about the the coherence dynamics. In-
stead, in Sec. IV we concentrate on the post-measured
state of the qubit. To this end, we will use the basic con-
dition (23) when analyzing the system purity dependence
on the measurement state vectors |ψm〉, |ϕm〉 at N = 3.
It allows us to reduce the number of independent Eu-
ler angles and to deal with (at most) a three-parameter
problem.
IV. POST-MEASUREMENT PURITY OF THE
QUBIT
To obtain the post-measurement reduced density ma-
trix explicitly, let us calculate the trace in (18) over the
bath variables. A simple algebra yields
̺S(0) = TrB̺SB(0) =
∑
m
ωm|ϕm〉〈ϕm|,
ωm =
|a(m)0 |2eβω0/2 + |a(m)1 |2e−βω0/2
2 cosh(βω0/2)
. (24)
5Inspecting Eq. (24), one should note that the probabil-
ities ωm inherited the dependence on the state of envi-
ronment via the temperature kBT = β
−1, whereas the
coupling strengths gk are not involved in (24). Thus the
post-measurement density matrix (24) depends on the in-
ternal (temperature T ) and external (state vectors’ am-
plitudes a
(m)
i ) parameters. Probabilities ωm are normal-
ized,
∑N
m=1 ωm = 1, since the resolution of the identity
(4) yields
∑N
m=1 |a(m)0 |2 =
∑N
m=1 |a(m)1 |2 = 1.
One of the measures of the “mixedness” (or the lack of
information about a system) is the so-called purity P of
the system’s state [5, 9, 23],
P = TrS [̺S(0)]2. (25)
Obviously 1/2 ≤ P ≤ 1 with P = 1 for a pure state.
Taking into account that the state vectors |ϕm〉 do not
form the orthogonal basis, and denoting
Cmn = 〈ϕm|ϕn〉, (26)
one can write down the expression for the post-
measurement purity of the qubit as follows:
P =
N∑
m,n=1
|Cmn|2ωmωn. (27)
Using expressions (11)-(12) for the measurement state
vectors, one can obtain the values |Cmn|2 in the explicit
form,
|Cmn|2 = cos2
(
φ
(m)
b − φ(n)b
2
)
cos2
(
θ
(m)
b − θ(n)b
2
)
+sin2
(
φ
(m)
b − φ(n)b
2
)
cos2
(
θ
(m)
b + θ
(n)
b
2
)
. (28)
Our main goal in this Section is to investigate the ex-
tremal values of ωm, yielding the minima of the bilinear
form (27), and to analyze stabilities of these minima with
respect to variation of the internal and external param-
eters. A motivation of our researches is the following.
Since σ3 is the integral of motion, see Eq. (15), the mea-
surement settings should avoid the situations when the
minima Pmin of the qubit purity are realized. Moreover,
it will be shown later that at some conditions Pmin = 1/2
that means a completely decohered system with equal
population of the levels. If the initial value of the coher-
ence turns out to be zero, 〈σ±〉 = 0, no dynamic purifica-
tion [5, 9] of the system is possible. It is clear, that such
a situation is extremely undesirable in the quantum con-
trol problems [12, 16], and the ways to exclude it should
be found.
Let us look at the extremum of the system purity from
the mathematical point of view. In fact, we deal with a
conditional minimum problem of the bilinear form (27),
generated by a symmetric matrix ||C|| ≡ |Cmn|2, with
an additional constrain
∑N
m=1 ωm = 1. It is also obvi-
ous, that only located within the interval [0, 1] extremal
values of the probabilities ω
(ext)
n have a physical mean-
ing. Having solved the conditional extremum problem
for (27), after a simple algebra one obtains
0 ≤ ω(ext)n =
N∑
m=1
||C−1||mn
N∑
m,n=1
||C−1||mn
≤ 1, (29)
where ||C−1|| denotes the matrix inverse to ||C||. Sub-
stituting (29) in Eq. (27), we obtain the minimal value
of the initial purity of the qubit,
Pmin = 1N∑
m,n=1
||C−1||mn
. (30)
It is seen from (29)-(30) that locations of ω
(ext)
n as well
as the value of Pmin are completely defined by the ab-
solute values of the scalar products of the measurement
state vectors |ϕm〉 in the two-dimensional Hilbert space.
This general result for any number of the outcomes has,
however, two distinguishing features: while at N = 2
the extremal values of probabilities are always equal to
ω
(ext)
1 = ω
(ext)
2 = 1/2, the character of locations of ω
(ext)
m
at N = 3 is much more diverse.
First of all, if any of ω
(ext)
m goes beyond the interval
[0, 1], the purity (27) does not have a global minimum,
and, consequently, the system cannot be completely de-
cohered.
Secondly, if the measurement state vectors |ϕm〉 are
chosen in such a way that all |Cmn| are the same at
m 6= n, the extremal values of probabilities ω(ext)m can
be shown to be equal to 1/3 for any m. Such a mea-
surement setting resembles the case N = 2 in the sense
that probabilities ω
(ext)
m cease to depend on temperature,
see Eq. (24). We will discuss this important fact as well
as the measurement settings, leading to the above men-
tioned location of ω
(ext)
m , later in more details.
At last but not least, the extremum conditions (29)-
(30) require the parameters of the measurement state
vectors |ψm〉 to be chosen self-consistently. In particular,
it follows from Eqs. (11)-(12) and (24) that Euler angles
θ
(m)
a have to obey the equation
cos θ(m)a =
(
1−Nω(ext)m
)
coth
(
βω0
2
)
, N = 3. (31)
Having excluded the above mentioned case θ
(m)
a = π/2
(when ω
(ext)
m = 1/3) from consideration, one can ask
the following question: what a researcher performing the
nonselective measurements has to do in order to purify
the system, which could fall down into the most mixed
state due to an inappropriate measurement setting? An
6answer turns out to be quite surprising: for instance, to
heat it. Indeed, though the coupling strength is not in-
volved explicitly in the reduced density matrix (24), there
is a spin-phonon interaction in the composite (S + B)
system after the measurement, which defines the post-
measurement density matrix (18). Thus one can always
re-prepare (via interaction with the environment) the
qubit in the state given by Eq. (24) but with a differ-
ent temperature: formally, one just takes the trace over
the bath variables in the generic post-measurement den-
sity matrix (18) with the altered temperature. In this
context, the temperature variation can be regarded as a
“repeated” measurement (or, more precisely, as an addi-
tional action) which is performed over the thermal bath
rather than the spin.
Thus by heating the system right after the measure-
ment, one can force the right-hand-side of Eq. (31) to
go beyond the limit | cos θ(m)a | ≤ 1. Once this hap-
pens, no selection of θ
(m)
a is possible at fixed parame-
ters of the measurement state vectors |ϕm〉 to provide
the system state with a global minimum of its purity.
[31] . One can say that the temperature variation can
serve as a source of “pulling” of the system up from the
most mixed state with subsequent purification. This case
completely differs from the Neumann-Lu¨ders projection
at N = 2, when the global minimum of P is realized
iff cos θ
(m)
a = π/2 (and ω
(ext)
m = 1/2). The values of
the initial coherence 〈σ±〉 and mean population of the
levels 〈σ3〉 turn out to be temperature-independent at
cos θ
(m)
a = π/2 (see Eqs. (61) and (67) of Ref. [9]), and a
complete loss of the system purity cannot be avoided by
the temperature change.
Now let us perform a brief review of some measurement
settings, which lead to the most mixed post-measurement
state. In doing so, we use the results of Appendix A,
where different measurement scenarios ensuring condi-
tion (23) of the gradual coherence enhancement at the
initial stage of the system evolution have been considered.
As we have already mentioned, this allows to reduce our
study to (at most) the three-parameter problem.
In the case 1, the squared modulus of the scalar pro-
ducts of the measurement state vectors |ϕm〉 is expressed
by Eq. (A.5). Having inserted these values in Eq. (30),
we obtain that Pmin = 1/2 for any θ(1)b , θ(2)b (note also
that the third polar angle θ
(3)
b cannot be chosen in an ar-
bitrary way and has to satisfy Eqs. (A.4)). At the mea-
surement settings of case 1 we obtain the most mixed
system: a completely decohered and with equal popula-
tions of the levels. However, if θ
(m)
a 6= π/2, this global
minimum of the system purity is dependent on temper-
ature, see Eq. (31). Hence, the system can be pulled
up from this minimal value of P by changing tempera-
ture right after the measurement. In Sec. V we consider
another way of the system purification by series of the
repeated measurements, when the second measurement
occurs immediately after the first one.
At θ
(m)
a = π/2, the extremal values of the probability
ω
(ext)
m are equal to 1/3 and do not depend on tempera-
ture. Such a situation occurs at the conditions described
in Appendix B. Thus one has to avoid a simultaneous
realization of such measurement settings since the sys-
tem is completely decohered and cannot be purified by
nothing except another measurement.
In the case 2, the squared modules of the scalar prod-
ucts of measurement state vectors |ϕm〉 are expressed
by Eqs. (A.6)-(A.7). Having inserted these values in
Eq. (30), we obtain that Pmin = 1/2 at any θ(1)b . Again,
this global minimum of the system purity is temperature-
dependent if θ
(m)
a 6= π/2. However, it ceases to depend
on the system temperature if θ
(1)
b obeys (B.7), and we
have a close analogy with the case 1 except that now we
are dealing with the one-parameter problem.
In the case 3, no measurement settings can give the
condition ω
(ext)
m = 1/3 as it is claimed at end of Ap-
pendix B, and the global minimum of the system purity
is always Pmin > 1/2. Hence, there is no danger to occur
at the totally decohered state with an equal population
of the levels after an “inappropriate” choice of the ex-
perimental setting. In the case 3, all the extremal values
of the probabilities (24) depend on temperature, and the
system can always be purified by changing temperature.
The results of case 3 resemble those (see Eqs. (66)-(67)
of Ref. [9]) of the measurement settings during the von
Neumann-Lu¨ders projection. The only difference is that
the global minimum Pmin > 1/2 in Ref. [9] is realized at
ω
(ext)
m = 1/2 and is temperature-independent.
It is also to be stressed that in the case 3 we deal
with a three-parameter problem (see the end of Appendix
A). However, the parameters ∆12, ∆13 and θ
(1)
b cannot
be chosen in an arbitrary way: according to Eqs. (A.9),
there is a “window” of the allowed values of Euler angles
ensuring the condition (23).
Now some quantitative estimations to what extent the
system could be purified by the temperature variation are
in order. Before doing so, let us note that in the case 1 the
rate of the temperature change could be very small since
no dynamics of the system coherence is possible. Indeed,
when condition (23) is satisfied, the initial coherence is
determined by the equation
〈σ±〉 =
N∑
m=1
〈0|Ω†mσ±Ωm|0〉 tanh(βω0/2) (32)
and cannot be affected by the temperature variation if,
initially,
∑N
m=1〈0|Ω†mσ±Ωm|0〉 = 0. In such a case, the
system purification occurs only via the re-distribution of
the levels population, which is time-independent, because
σ3 is the integral of motion, see Eq. (15).
Thus we consider the case 3 of the measurement set-
tings because it is more interesting from the practical
point of view. Suppose that we chose the subset of the
measurement state vectors |ϕm〉 and composed the ac-
companying subset |ψm〉 using the self-consistency con-
7dition (31) at the fixed bath temperature T ⋆. At this
temperature, the system is definitely in the most mixed
state. After that, we alter the environment temperature
T only and measure the system purity. The reaction of
the system purity to such temperature variations is de-
picted in Fig. 1. It is seen that the purity minima are
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FIG. 1: Change of the system purity P(T ) with the bath tem-
perature T . The values of the Euler angles θ
(m)
a are defined
at the fixed temperatures kBT
⋆/ω0 = 0 (A), 0.5 (B), 0.75 (C)
and 1.11 (D) due to the self-consistency condition (31) and
are not changed after the measurement. The other Euler an-
gles θ
(1)
b = 4pi/5, ∆12 = 7pi/5, ∆13 = 3pi/4 are taken from the
allowed “window” of values (A.9). In the inset: the tempera-
ture dependence of the initial coherence |〈σ(T )〉| ≡ |〈σ±(T )〉|
at the parameters of the choice D.
reached at temperatures T ⋆ as it should be due to the
self-consistency condition (31). However, both reduction
and increase of the thermal bath temperature T “pull”
the system up from the most mixed state. A detailed
analysis of the probabilities (24) shows that in the zero-
temperature limit the system purity is defined by the
ground state amplitudes according to
P(T = 0) =
N∑
m=1
|Cmn|2|a(m)0 |2|a(n)0 |2, (33)
whereas in the high-temperature limit the purity tends
to the value
P(βω0 ≪ 1) = 1
9
N∑
m=1
|Cmn|2. (34)
It is interesting that in this limit all the probabilities (24)
tend to ωm = 1/3, which coincide with the extremal val-
ues ω
(extr)
m obtained in the case 1 at θ
(m)
a = π/2. It can
be concluded from Fig. 1 that at low values of T ⋆ heat-
ing is favorable for the system purification while at high
values of T ⋆ cooling yields less mixed states. The high-
est considered value of kBT
⋆/ω0 = 1.11 corresponds to
the maximal temperature, at which the self-consistency
condition (31) still holds true at the chosen state vectors
|ϕm〉, and the system is allowed to be at the global min-
imum of its purity. The general conclusion, which could
be done after inspection of Fig. 1, consists in a remark-
able fact that the system purity can be increased even by
several tens of percents by temperature variation.
In the inset of Fig. 1, we depicted the temperature
dependence of the initial system coherence |〈σ(T )〉| ≡
|〈σ±(T )〉| obtained at the parameters of the choice D. It
is seen that the initial coherence follows the tanh(βω0/2)
rule and is never equal to zero.
Since the system-environment correlations play a con-
structive role at the early stage of the system evolution,
and the coherence enhances at small times [9], the initial
state re-preparation by the temperature variation can be
considered as an additional way to obtain a purer sys-
tem. It should be stressed that it is possible to obtain a
behavior of P(T ) similar to that one presented in Fig. 1
even in the cases 1 and 2, but the minima of purity would
be equal to 1/2. As we have already mentioned, no dy-
namic purification of the system could be possible in such
a case.
We conclude this Section by consideration of some lim-
iting cases, when the number of vectors in the subset |ϕm〉
is less than 3. At the same time, we allow the dimension
of the vector subset |ψm〉 to be equal to N = 3.
If |ϕm〉 ≡ |ϕ〉 for any m = {1, 2, 3}, we obtain the pure
state of the qubit after the nonselective measurement (see
Eq. (24)) since the probabilities ωm are normalized to the
unity. Here we are in a close resemblance with the mea-
surement settings (62) of Ref. [9], yielding the value (63)
of the correlation contribution γcor(t) to the generalized
decoherence function γ˜(t). In the Ohmic case [7], the
system coherence starts to decrease monotonically from
the value (65) to zero at t→∞.
At |ϕ1〉 6= |ϕ2〉 = |ϕ3〉, the situation is much more
interesting. On the one hand, we have a mapping to the
von Neumann-Lu¨ders projection scheme [9] since
̺S(0) = ω1|ϕ1〉〈ϕ1|+ ω¯2|ϕ2〉〈ϕ2|, ω¯2 = ω2 + ω3.(35)
To satisfy the condition (23) of the gradual coherence
enhancement at small times, the measurement state vec-
tors |ϕ1〉 and |ϕ2〉 have to be chosen to be orthonormal
(see Eq. (55) of Ref. [9]) or to obey Eqs. (66). However,
no selections of the above mentioned state vectors can
ensure the global minimum of the system purity, since
the requirement ω
(ext)
1 = ω
(ext)
2 = 1/2 (related to equali-
ties |a(1)0 |2 = |a(1)1 |2 = 1/2) contradicts the normalization
conditions (7). Hence, at the case considered the system
can be only in the state with a local minimum of purity,
and we should not be afraid to obtain the completely
decohered system after the measurement.
8V. THE SYSTEM RESPONSE TO THE
REPEATED NONSELECTIVE MEASUREMENTS
In the previous section we discussed the influence of
temperature variation on possible purification of the open
quantum system. The temperature was supposed to have
been changed right after the nonselective measurement.
Let us now consider a situation, when the system is
subjected to the second nonselective measurement, which
occurs immediately after the first one. We can also imag-
ine a more general situation, when the system is sub-
jected to the series of the repeated measurements at the
initial instant of time t = 0.
If such a measurement scheme is applied, the initial
density matrix ̺′SB(0) of the composite system right after
the first measurement obeys the equation
̺′SB(0) =
N∑
m=1
Ω′m̺SB(0)Ω
′†
m. (36)
This equation is analogous to the basic relation (1),
where the equilibrium density matrix ̺eq is replaced by
the post-measurement one ̺SB(0). The “primed” oper-
ators Ω′m are defined in the way similar to (6), where
the state measurement vectors are replaced accordingly
|ϕm〉 → |ϕ′m〉 and |ψm〉 → |ψ′m〉.
Thus, taking the trace in (36) over the bath variables,
one can obtain the expression for the system density ma-
trix ̺′S(0) after the second measurement,
̺′S(0) =
N∑
n=1
ω˜n|ϕ′n〉〈ϕ′n|, (37)
where the probabilities ω˜n after the second measurement
are expressed
ω˜n =
N∑
m=1
|Dnm|2ωm, Dnm = 〈ψ′n|ϕm〉 (38)
via the scalar products of the “old” |ϕm〉 and “new”
(primed) |ψ′m〉 measurement state vectors.
The system purity right after the second measurement
can be presented in the form similar to (27)
P ′ =
N∑
m,n=1
|C′mn|2ω˜mω˜n, (39)
where the matrix elements C′mn are nothing but those of
(26) defined on the “new” subset |ϕ′m〉.
It would be constructive to consider some different
choices of the new measurement state vectors |ψ′m〉 and
|ϕ′m〉 in relation to the change of the system purity.
A. Square root measurements
Suppose that the open quantum system after the first
measurement was characterized by the density matrix
(18). Now let us construct the “new” measurement state
vectors |ψ′〉 according the general rule
|ψ′n〉 =
√
ωn̺
−1/2
S (0)|ϕn〉. (40)
Here, ̺
−1/2
S (0) denotes the generalized inverse of the op-
erator ̺
1/2
S (0). The operator ̺S(0) as well as its square
root are invertible since the rank n of the density ma-
trix ̺S(0) is equal to the dimension of the Hilbert space
H of the measurement state vectors. Moreover, its is a
straightforwardmatter to calculate ̺
−1/2
S (0) explicitly for
2×2 matrix of the initial density operator of the system.
The measurement state vectors |ψ′n〉, introduced by
Eq. (40), are known to minimize [15, 24] the squared
error R, determined by
R =
N∑
n=1
ωn|| |ϕn〉 − |ψ′n〉||2. (41)
The definition (41) of the square error R has to be con-
sidered in terms of the Hilbert-Schmidt norm of some
specific operators constructed on the measurement state
vectors |ψ′n〉 and |ϕn〉 (see Ref. [15] and the references
herein for more details). Such schemes with the effects
F ′n = |ψ′n〉〈ψ′n|, which realize the least-square root R,
are known as the square root measurements (SRM) and
are the subject of thorough investigation in the quantum
measurement theory [15, 24, 25].
Now let us look at the probabilities (38), when the
basic subset of the measurement state vectors |ψ′m〉 is
taken in the SRM form (40). It is obvious that
ω˜n =
N∑
m=1
|〈ϕn|̺−1/2S (0)|ϕm〉|2ωmωn (42)
= ωn〈ϕn|̺−1/2S (0)
N∑
m=1
ωm|ϕm〉〈ϕm|︸ ︷︷ ︸
ρS(0)
̺
−1/2
S (0)|ϕn〉 ≡ ωn.
Thus, if one chooses |ψ′n〉 in the SRM form, then the
system purity (39) after the second measurement is
expressed via the probabilities ωn, obtained after the
first measurement. Suppose that the system after the
first measurement is prepared in the most mixed state;
this minimal value of the purity is realized at ω
(ext)
n
(see Eq.(29)), and the self-consistency condition (31) is
obeyed. Now let us consider two possible selections of
the subset |ϕ′m〉 of measurement state vectors:
1. The subsets of the the “new” and “old” vectors
are different, |ϕ′m〉 6= |ϕm〉. After the second mea-
surement, the extremum points ω˜
(ext)
m are shifted
from their previous values, whereas the probabili-
ties ω˜m = ωm remain unchanged. Thus, the self-
consistency condition (31) is now violated, and the
system purity is no longer minimal;
92. The subsets of the “new” and “old” vectors are
identical, |ϕ′m〉 ≡ |ϕm〉. At this condition, “old”
and “new” purities are the same since the state of
the system does not change after the second mea-
surement.
Hence, the result of the choice (40) of the “new” state
vectors |ψ′m〉 can be ambiguous: in the case 1 we can
assert that the system is not in the global minimum of
purity after the second measurement, while in the case 2
the system remains in the same most mixed state, and
the repeated measurement is useless from the viewpoint
of the system purification.
B. Ordinary measurements
Now suppose that the definition (40) is not applied,
and the measurement state vectors |ψ′m〉 are chosen to
be arbitrary ones. Once again, let us suppose that the
system was at the point of the global minimum of the
purity after the first measurement and consider various
choices of the subsets |ϕ′m〉:
1. The “new” and “old” subsets are identical, |ϕ′m〉 =
|ϕm〉. In such a case, the system purity is de-
fined by Eq. (39), where the matrix elements are
not changed, Cmn = C
′
mn. Contrary to the case 1
from the previous subsection, the extremum points
ω
(ext)
m remain unaltered after the second measure-
ment. However, the self-consistency condition (31)
is violated since the system purity is determined by
the “new” probabilities ω˜m defined on the modified
subset |ψ′m〉 6= |ψm〉. Thus, the system is no longer
in the global minimum of purity after the second
measurement;
2. Let us, in addition to the equality |ϕ′m〉 = |ϕm〉,
apply another condition, |ψ′m〉 = |ϕm〉. The ma-
trix elements Dmn, which define the “new” prob-
abilities ω˜m (see Eq. (38)), are now expressed
as Dmn = 〈ϕm|ϕn〉. Suppose, we are perform-
ing the Neumann-Lu¨ders projective measurements
with N = 2 and choose the vectors |ϕ1〉 and |ϕ2〉
to be orthogonal to each other (such a selection is
one of the way to ensure the gradual growth of the
system coherence at the initial stage of its evolution
[9]). At such a choice, the matrix elements trans-
form into the Kronecker symbols, Dmn = δmn. As
a result, the “new” probabilities remain the same
as the “old” ones, ω˜m = ωm. It means that nothing
has been changed in the state of the system, and
its purity is the same, P ′ = P .
In all other cases (including the measurements
on the overcomplete basis), Dmn 6= δmn, thus ω˜m
6= ωm, and we actually come back to the item 1;
3. Now let us perform the second repeated measure-
ment at the completely modified subsets |ϕ′n〉 6=
|ϕn〉 and |ψ′n〉 6= |ψn〉. It is obvious that the ex-
tremum probabilities before and after the second
measurement are different, ω˜
(ext)
n 6= ω(ext)n . To en-
sure that the system would not drop again into the
global minimum of purity, it is necessary to violate
the self-consistency condition (31). Using defini-
tions (29) and (38)-(39), one can express this re-
quirement as an inequality
N∑
m,p=1
||D−1||nm|| C′−1||mp
N∑
m,p=1
||C′−1||mp
6=
N∑
p=1
|| C−1||nm
N∑
p,m=1
||C−1||nm
, (43)
where ||D−1|| denotes the matrix inverse to ||D|| ≡
|Dmn|2. The matrix ||C′|| is defined by (26) on the
“new” (primed) subset of the measurement state
vectors |ϕ′m〉.
If condition (43) is satisfied, the system is not in
the global minimum of its purity for sure. However,
to clarify how pure the system is after the second
measurement in comparison with its state after the
first one, an additional study is necessary since the
global minimum Pmin can be higher than the non-
extremal value P ′.
To conclude this section, let us make a brief summary
of the above considered cases from the viewpoint of a
possible system purification:
• The measurement schemes discussed in the
case 1, subsection A, as well as in the
case 1, subsection B, are unambiguously
promising since the system after the second mea-
surement is pulled up from the global minimum of
its purity. The same is true about the measure-
ments on the overcomplete basis described in the
case 2, subsection B;
• The scheme considered in the
case 2, subsection A, is useless from this view-
point since the system purity is not changed after
the repeated measurement. The same is true about
the special kind of the Neumann-Lu¨ders projection
scheme discussed in the case 2, subsection B;
• The case 3, subsection B, cannot give us unam-
biguous answer about the system purification and
has to be studied in more details. However, at this
measurement scheme the system is definitely not in
the global minimum of its purity as compared with
the first measurement.
VI. CONCLUSIONS
In this paper, we study the initial state preparation
of the qubit after the nonselective measurement, when
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the number of outcomes N is greater than two. In such
a scheme, the basis of the measurement state vectors is
known to be overcomplete [14, 15, 25], and the vectors
are not orthonormal. To obtain the explicit results of
practical importance, we have chosen the exactly solv-
able dephasing model [5, 7] and applied the conditions
for the post-measurement state to ensure a gradual co-
herence enhancement [9] at the initial stage of the system
evolution.
We show that at some special choices of parameters
the system after the nonselective measurement can be
prepared in the most mixed state. This case is strongly
undesirable from the viewpoint of the quantum control
[12] since the system could remain in the completely deco-
hered state, and no dynamic purification [9] of the qubit
is possible. It is pointed out that, in general, the minimal
value Pmin of the system purity depends on the tempera-
ture of the thermal bath. Though at some measurement
settings Pmin can be equal to 1/2, and the system is to-
tally decohered, there is still a possibility to purify the
state of the qubit by changing temperature and, conse-
quently, by making a re-distribution of populations of the
levels.
We have also considered a more interesting case (from
the practical viewpoint) when Pmin > 1/2. At such
measurement settings, both dynamical and temperature-
controlled purifications are possible. We show that by
altering the environment temperature after the nonselec-
tive measurement, it is possible to increase the system
purity even by tens of percents. If the composite (S+B)
system was initially prepared at low temperature, and
the qubit was in the most mixed state, then heating is
preferable. Otherwise, cooling yields a purer system.
However, there are also some other measurement set-
tings, when the most mixed state of the system cannot
be influenced by temperature, and the system purifica-
tion is possible only after another measurement. In this
case, a character of the minimum of P is very similar
to that in the von Neumann-Lu¨ders projection scheme,
when the most mixed state of the qubit is always inde-
pendent of temperature. We have listed the parameters
options leading to such a scenario and noted that the
measurement settings of this kind have to be avoided
from the viewpoint of the problems of quantum control.
We have also considered two measurements, when the
numbers of the state vectors in two basic subsets are dif-
ferent, and found out some similar and different features
as compared to the case studied earlier [9].
One of the ways to maintain the steady coherence of
the system by a sequence of the repeated selective mea-
surements due to the quantum Zeno effect is reported
recently in Ref. [26]. In our paper, we proceed in a
bit different way and consider the sequence of the non-
selective measurements performed instantly at the initial
time t = 0 of the system preparation. It turns out that
some kinds of the measurement settings during such a re-
peated quantum measurements can be perspective from
the viewpoint of an eventual system purification at t = 0,
while the other schemes do not allow to pull the system
away from the point of global maximum of its mixed-
ness. The action of some other schemes considered is
ambiguous from the viewpoint of qubit purification, and
it requires an additional study.
It would be interesting to verify our measurement
schemes on more realistic systems, which allow not only
the decoherence [27, 28] but also the population decay
[3, 29, 30]. However, it is a challenging problem because
in this case the model can be no longer exactly solvable.
Appendix A: Measurement settings that ensure
condition (23)
To provide an enhancement of the system coherence,
the Gram operator (8) in accordance with Eq. (23) has
to be diagonal. Thus the following condition
3∑
m=1
exp(iφ
(m)
b ) sin θ
(m)
b = 0 (A.1)
has to be ensured. Equating both the real and the imagi-
nary parts of (A.1) to zero and expressing the third polar
angle trough the remaining ones, it is possible to rewrite
(A.1) as follows:
sin
(
φ
(1)
b − φ(3)b
)
sin θ
(1)
b − sin
(
φ
(2)
b − φ(3)b
)
sin θ
(2)
b = 0,
cosφ
(3)
b 6= 0. (A.2)
Now we consider three different options when condition
(A.2) is satisfied.
1. The case sin θ
(1)
b 6= 0, sin θ
(2)
b 6= 0, φ
(m)
b − φ
(n)
b = pik.
These conditions assume that φ
(1)
b − φ(3)b = πk, φ(2)b −
φ
(3)
b = πl, and φ
(1)
b − φ(2)b = π(k − l), {k, l} = {0, 1}.
Having expressed two azimuthal angles via the third one
and taking into account that
0 ≤ θ(m)b ≤ π, (A.3)
one gets the following equations for θ
(3)
b (at the additional
assumption θ
(1)
b > θ
(2)
b ):
sin θ
(3)
b = sin θ
(1)
b − sin θ(2)b at k = 1, l = 0,
sin θ
(3)
b = sin θ
(1)
b + sin θ
(2)
b at k = l = 1. (A.4)
Eqs. (A.4) impose restrictions on the possible values of
the polar angles θ
(1)
b , θ
(2)
b due to inequality (A.3).
The values (28) in the case 1 can be expressed as
|Cmn|2 = cos2
(
θ
(m)
b ∓ θ(n)b
)
2
. (A.5)
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The upper sign in Eq. (A.5) has to be taken for {m =
1, n = 2} at l = 1 and for {m = 2, n = 3} at l = 0; the
lower sign has to be chosen for {m = 1, n = 3} as well as
for pairs {m = 1, n = 2} at l = 0 and {m = 2, n = 3} at
l = 1.
In fact, in the case 1 we deal with a two-parameter
problem at the nonselective measurement, where only
two polar angles θ
(1)
b and θ
(2)
b are necessary. There is
also a “window” of the allowed values for the third polar
angle θ
(3)
b defined by Eqs. (A.3)-(A.4).
2. The case sin θ
(1)
b 6= 0, sin θ
(2)
b = 0.
This case implies that θ
(2)
b = πk, k = {0, 1}, and
φ
(1)
b − φ(3)b = π. Taking into account Eqs. (28), (A.1)
and having expressed θ
(3)
b via θ
(1)
b , one can obtain after
some algebra:
|C12|2 = cos2(θ(1)b /2), (A.6)
|C13|2 =
[
cos2 θ
(1)
b at θ
(3)
b = θ
(1)
b ,
0 at θ
(3)
b = π − θ(1)b ,
|C23|2 =
[
cos2(θ
(1)
b /2) at θ
(3)
b = θ
(1)
b ,
sin2(θ
(1)
b /2) at θ
(3)
b = π − θ(1)b
when k = 0 or
|C12|2 = sin2(θ(1)b /2), (A.7)
|C13|2 =
[
cos2 θ
(1)
b at θ
(3)
b = θ
(1)
b ,
0 at θ
(3)
b = π − θ(1)b ,
|C23|2 =
[
sin2(θ
(1)
b /2) at θ
(3)
b = θ
(1)
b ,
cos2(θ
(1)
b /2) at θ
(3)
b = π − θ(1)b
when k = 1.
It is seen that contrary to the case 1, this kind of the
measurement settings needs only a single polar angle θ
(1)
b .
3. The case sin θ
(1)
b 6= 0, sin θ
(2)
b 6= 0, φ
(i)
b − φ
(j)
b 6= pik.
Having denoted ∆ij = φ
(i)
b −φ(j)b , one can express θ(2)b
and θ
(3)
b via the single polar angle θ
(1)
b as follows:
sin θ
(2)
b =
sin∆13
sin(∆12 −∆13) sin θ
(1)
b ,
sin θ
(3)
b = −
sin∆12
sin(∆12 −∆13) sin θ
(1)
b . (A.8)
Taking into account the restriction (A.3), it is straight-
forward to verify that Eqs. (A.8) are satisfied at simul-
taneous realization of the following conditions:

0 < ∆13 < π,
π < ∆12 < 2π,
0 < ∆12 −∆13 < π,
∆13 + arcsin[sin∆13 sin θ
(1)
b ] ≤ ∆12 ≤ π +∆13 − arcsin[sin∆13 sin θ(1)b ],
∆12 − π − arcsin[sin∆12 sin θ(1)b ] ≤ ∆13 ≤ ∆12 + arcsin[sin∆12 sin θ(1)b ].
(A.9)
It is seen from Eq. (A.8) that the case 3 implies the three-
parameter measurement problem. However, like in the
case 1, there exists a restriction on the possible values
of the parameters ∆12, ∆23 and θ
(1)
b (see Eq. (A.9)
that, once again, yields a “window” for the allowed Euler
angles.
Appendix B: Measurement settings that ensure
condition ω
(ext)
m = 1/3.
In the case 1 this condition is realized at θ
(m)
a = π/2
and yields |C12|2 = |C13|2 = |C23|2. The last equality
at k = l = 1 due to (A.4)-(A.5) gives us the system of
equations for three polar angles:
θ
(1)
b + θ
(2)
b + 2θ
(3)
b = 2πp,
2θ
(1)
b − θ(2)b + θ(3)b = 2πq,
−θ(1)b + 2θ(2)b + θ(3)b = 2πr,
(B.1)
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where {p, q, r} = {0, 1}. The system of equations (B.1)
is compatible only at r+q = p. To satisfy this condition,
we can choose q = 0, r = 1 and p = 1 that yields
θ
(1)
b =
2π
3
− θ(3)b , θ(2)b =
4π
3
− θ(3)b ,
π
3
< θ
(3)
b <
2π
3
.(B.2)
Another possible choice q = 1, r = 0, p = 1 gives us a
similar result:
θ
(1)
b =
4π
3
− θ(3)b , θ(2)b =
2π
3
− θ(3)b ,
π
3
< θ
(3)
b <
2π
3
.(B.3)
If we select l = 0, k = 1, see Eqs. (A.4)-(A.5), we
obtain the system of equations
2θ
(1)
b + θ
(2)
b + θ
(3)
b = 2πp,
θ
(1)
b + 2θ
(2)
b − θ(3)b = 2πq,
θ
(1)
b − θ(2)b + 2θ(3)b = 2πr,
(B.4)
The system compatibility condition r + q = p gives us
two possible realizations:
θ
(1)
b =
4π
3
− θ(3)b , θ(2)b = −
2π
3
+ θ
(3)
b ,
2π
3
< θ
(3)
b < π(B.5)
at q = 0, r = 1, p = 1, or
θ
(1)
b =
2π
3
− θ(3)b , θ(2)b =
2π
3
+ θ
(3)
b , 0 < θ
(3)
b <
π
3
(B.6)
at q = 1, r = 0, p = 1.
In the case 2 a simple analysis of Eqs. (A.6)-(A.7)
shows that conditions |C12|2 = |C13|2 = |C23|2 leading to
equation ω
(ext)
m = 1/3 are satisfied at
θ
(1)
b = 2π/3 if k = 0,
θ
(1)
b = π/3 if k = 1. (B.7)
The case θ
(3)
b = π − θ(1)b has to be excluded from consid-
eration since it gives ω
(ext)
m = {1/2, 0, 1/2}. This result
is unphysical (see Eq. (24)) because we have postulated
a
(m)
i 6= 0 for all the values of m = {1, 2, 3}.
A detailed analysis of the case 3 shows that the values
(28) can never be equal to each other (see also Eq. (A.8)).
Hence, the condition ω
(ext)
m = 1/3 cannot be realized.
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